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ABSTRACT The rheological properties of normal erythrocytes appear to be largely determined by those of the red cell membrane. In sickle
cell disease, the intracellular polymerization of sickle hemoglobin upon deoxygenation leads to a marked increase in intracellular viscosity
and elastic stiffness as well as having indirect effects on the cell membrane. To estimate the components of abnormal cell rheology due
to the polymerization process and that due to the membrane abnormalities, we have developed a simple mathematical model of whole
cell deformability in narrow vessels. This model uses hydrodynamic lubrication theory to describe the pulsatile flow in the gap between a
cell and the vessel wall. The interior of the cell is modeled as a Voigt viscoelastic solid with parameters for the viscous and elastic moduli,
while the membrane is assigned an elastic shear modulus. In response to an oscillatory fluid shear stress, the cell-modeled as a
cylinder of constant volume and surface area-undergoes a conical deformation which may be calculated. We use published values of
normal and sickle cell membrane elastic modulus and of sickle hemoglobin viscous and elastic moduli as a function of oxygen saturation,
to estimate normalized tip displacement, d/ho, and relative hydrodynamic resistance, Rr, as a function of polymer fraction of hemoglobin
for sickle erythrocytes. These results show the transition from membrane to internal polymer dominance of deformability as oxygen
saturation is lowered. More detailed experimental data, including those at other oscillatory frequencies and for cells with higher concen-
trations of hemoglobin S, are needed to apply fully this approach to understanding the deformability of sickle erythrocytes in the
microcirculation. The model should be useful for reconciling the vast and disparate sets of data available on the abnormal properties of
sickle cell hemoglobin and sickle erythrocyte membranes, the two main factors that lead to pathology in patients with this disease.
INTRODUCTION
The deformability properties of erythrocytes are critical
determinants of flow in the microcirculation (Skalak,
1969; Evans and Hochmuth, 1976; Chien et al., 1982,
1987; Linderkamp and Meiselman, 1982; Nash and
Meiselman, 1982; Nash et al., 1984, 1986; Pfafferott et
al., 1985; Shohet and Mohandas, 1988). Abnormalities
of these properties are thought to be the principal cause
of the pathophysiology of sickle cell disease and other
hemoglobinopathies (Schechter et al., 1987). Erythro-
cytes have evolved a complex membrane architecture,
with a subskeletal network of proteins as well as a lipid
bilayer with inserted proteins, which allows them to
undergo extraordinary shape change as they traverse
small vessels, such as terminal arterioles, precapillary
sphincters, or the splenic sinuses (Shohet and Mohan-
das, 1988).
In diseases of hemoglobin, such as the thalassemia
syndromes, the unstable hemoglobin diseases, and espe-
cially sickle cell disease, this crucial deformability is al-
tered, leading to hemolysis and anemia as well as tissue
damage. In the sickle syndromes these abnormal rheolog-
ical properties are believed to be caused primarily by the
increase in internal red cell viscosity due to the aggrega-
tion or polymerization of sickle hemoglobin (Hb S)
upon deoxygenation, as well as biochemical abnormali-
ties in the membrane of the sickle erythrocyte. These
membrane changes, both reversible and irreversible, are
thought to occur due to repeated cycles of polymeriza-
tion-depolymerization during the life ofthe sickle eryth-
rocyte in the bone marrow and circulation (Hebbel,
1991). Other rheological abnormalities may occur be-
cause of the shrinkage of certain sickle cells (the dense
cells) so that they have a very high mean corpuscular
hemoglobin concentration (MCHC) (>40 g/dl) which
elevates internal viscosity, even of the oxygenated Hb S.
Irreversible membrane abnormalities due to precipitated
hemoglobin chains or heme groups or to reversible inter-
action ofthe Hb S with the red cell membrane cytoskele-
ton may also occur in the hemoglobinopathies.
In recent years the polymerization of Hb S inside
sickle erythrocytes has been well characterized (Noguchi
and Schechter, 1985; Schechter et al., 1987; Eaton and
Hofrichter, 1987, 1990) as a function of physiologically
relevant variables, such as MCHC, pH, and oxygen satu-
ration. Extensive clinical studies of the effects of the ab-
normal sickle erythrocytes in patients have been re-
ported (Rodgers et al., 1984; Francis and Johnson,
1991) . A central remaining goal in sickle cell rheology is
to ascertain the relative importance of the internal Hb S
and the sickle cell membrane to the overall properties of
sickle cells in the microcirculation.
EXPERIMENTAL AND THEORETICAL
BACKGROUND
Many methods to measure red cell deformability have
been used (Klug et al., 1974; Chien, 1977; Mohandas et
al., 1979). The methods most commonly used to study
erythrocyte suspensions are viscometry (Dintenfass,
1964; Charache and Conley, 1964; Chien et al., 1970,
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1982; Drasler et al., 1989), filtration (Weed et al., 1969;
Messer and Harris, 1970; Chien et al., 1971; Lessin et al.,
1977; Reinhart et al., 1984; Arai et al., 1990), and ekta-
cytometry (Bessis and Mohandas, 1975, 1977; Groner et
al., 1980; Sorette et al., 1987). The micropipette tech-
nique is useful to study single cell deformability, includ-
ing cell membrane properties (Evans and Hochmuth,
1976; LaCelle et al., 1977; Nash et al., 1984). In addition
to cell suspension studies, viscometry is also useful for
determining the rheological properties ofHb S solutions
(Briehl, 1981; Chien et al., 1982; Danish et al., 1987;
Drasler et al., 1989). Recent experimental studies have
shown that the overall rheological properties of sickle
erythrocytes are strongly influenced by both cell mem-
brane viscoelasticity (Nash et al., 1984; Evans et al.,
1984; Drasler et al., 1989; Messmann et al., 1990; Heb-
bel, 1991) and interior Hb S gelation (Briehl, 1981; Hof-
richter et al., 1981; Gabriel et al., 1981; Noguchi and
Schechter, 1985; Eaton and Hofrichter, 1987, 1990;
Danish et al., 1987, 1989; Clark, 1989).
The purpose ofthis investigation is to develop a simple
mathematical formulation of the rheological properties
of the erythrocytes in the microcirculation and to apply
such a model to the special behavior ofthe sickle erythro-
cyte. A corollary ofthis is to ascertain the relative contri-
butions of the red cell membrane and the internal Hb S
solution to the viscous and elastic components of total
cell deformability during passage through the circula-
tion, particularly at different oxygen saturation levels.
Alternatively, these relative contributions can also be ex-
pressed as a function of polymer fraction via the data
shown in Fig. 1 a. The data published by Chien et al.
(1982), while not complete, are a useful starting point to
elucidate the roles ofthese individual components ofthe
sickle erythrocytes in determining their behavior in mi-
crocirculation with respect to the parameters of the
model.
An unsteady shear applied to the cell body is needed to
assess both the viscous and elastic components of inte-
rior Hb S gelation. Chien et al. (1982) performed such
experiments to measure both viscous and elastic compo-
nents ofcomplex viscosity (denoted by if' and ii") in a Hb
S solution at a concentration of 32 g/dl under shear
oscillating at low frequency (Fig. 1, b and c). The tests
were made in a Weissenberg rheogoniometer that had
been modified to provide a cone-and-plate geometry.
That study illustrated that the viscous ('i') and elastic
(t" ) components began to increase when the oxygen satu-
ration ofthe solution was reduced to - 80%. It was stated
in their study that the elevation of both ii' and 77" with
reductions in oxygen saturation was most pronounced at
low frequencies of oscillation (0.015 Hz). According to
these data, the critical level ofoxygen saturation at which
a large increase in magnitude of ' and i" becomes appar-
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FIGURE I (a) 13C NMR measurements of the fraction of polymerized hemoglobin in SS erythrocytes as a function of oxygen saturation. (Repro-
duced from Proc. Natl. Acad. Sci. USA., 1980, 77:5487-5491, by permission.) Data from different patients are indicated by different symbols. (b)
The viscous component ofcomplex viscosity (?') ofHb S and Hb A solutions (concentrations at 32 g/dl) as a function of02 saturation. Data were
obtained at a frequency of0.015 Hz. (c) The elastic component ofcomplex viscosity (n7") ofHb S and Hb A solutions (concentration at 32 g/dl) as
function of 02 saturation. Data were obtained at frequency of 0.015 Hz. (Panels b and c reproduced from Blood Cells (NY), 1982, 8:53-64, by
permission.)
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ent is strongly dependent on the Hb S solution concen-
tration as well as the oscillatory frequency. However,
their experimental results are only available under low
frequency with Hb S concentration at 32 g/dl, which is
equivalent to the concentration of hemoglobin in the
mean density sickle red cell, not the dense cells that are
so characteristic of the disease. Drasler et al. ( 1989) re-
ported studies on the frequency-dependent viscoelasti-
city of oxygenated sickle cell suspensions as well as Hb S
solutions in an oscillating viscometer, but no data are
available as a function ofoxygen saturation level. Never-
theless, the results from either Chien et al. (1982) or
Drasler et al. ( 1989) suggest that the presence ofboth the
cell membrane and the internal Hb S is a major factor in
determining the viscoelastic behavior of sickle cells dur-
ing deoxygenation.
Previous mathematical descriptions of normal red
blood cell in capillaries have treated the cell interior as
Newtonian fluid. The shape of the cell is assumed to be
steady so the fluid within the cell produces only a con-
stant pressure field (e.g., Secomb et al., 1986). This as-
sumption for the cell interior will not be valid for the
sickle cell hemoglobin due to Hb S polymerization. In
the study of sickle cell capillary flow, Berger and King
( 1980) treated the oxyrheology as a cell membrane phe-
nomenon by using the Krogh model for oxygen trans-
port between sickle cell blood (or capillary) and tissue
regions. Other studies of Hb S gelation, however, have
shown extensive polymer in the cytoplasm ofdeoxygen-
ated cells. Thus a more accurate model should account
for both contributions from the cell membrane and he-
moglobin in sickle cell rheology.
MATHEMATICAL FORMULATION AND
SOLUTION METHOD
The deformation and flow of erythrocytes through
narrow cylindrical vessels is modeled mathematically as
shown in Fig. 2. The unstressed geometry of each cell is
approximated by a circular cylinder consisting ofa visco-
elastic interior bounded by an elastic membrane. This
cylinder is constrained to have a volume (92 u3) and
surface area ( 130 M2) similar to that of an erythrocyte.
Thus the reference length (L) is 2.4 ,um and the reference
radius (a) is 3.5 ,m. The volume and surface area re-
main constant throughout the induced deformation.
The capillary is taken as a rigid circular tube of radius
Ro. The analytical results are limited to cases in which
one cell occupies a given section of the tube at a given
time and the vessel radius is larger than the cell reference
radius. Lubrication theory is used to describe the pulsa-
tile flow ofthe suspending fluid in the gap denoted by ho
between a cell and the vessel wall. This suspending fluid
(plasma phase) is assumed to be an incompressible New-
tonian fluid with a viscosity ,p of 1.2 centipoise (Coke-
let, 1972). The model takes into account the elastic prop-
erties of the red blood cell membrane, especially its re-
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FIGURE 2 (a) Model ofred blood cells in capillary. a is the cell radius;
L is the cell length; ho is the gap between the cell and capillary wall; Lo is
the distance between cells; V is the velocity of suspending plasma; and
Ro is the vessel radius. (b) Model ofred blood cell shapes in resting and
deformed states. 2d is the deflection of the trailing edge and UO is the
cell velocity.
sponse to shear. The cell interior is assumed to be a Voigt
viscoelastic solid to represent the properties ofHb S solu-
tion for which the model parameters M, (dyn * sec/cm2)
and Es (dyn/cm2) are viscous and elastic moduli, respec-
tively. DuringHb S gelation, these parameters are consid-
ered as a function of a total amount of polymer formed
inside sickle cells or as a function ofoxygen saturation at
a given Hb S concentration.
An incompressible viscoelastic continuum is adopted
for the cell interior. It is convenient to introduce com-
plex-valued field variables to deal with the pulsatile na-
ture ofthe flow. Let Ui* be a complex displacement vec-
tor that satisfies quasi-static equilibrium as follows:
0 = -VP* + .*V2U*, (1)
where P* is a complex hydrostatic pressure and ,* is the
complex shear modulus ofthe interior viscoelastic mate-
rial. For Voigt viscoelastic solid, ,* can be expressed in
terms of its elastic (Es) and viscous (,gs) components by:
A* = ES + i2rfs, (2)
where f is the oscillation frequency. The continuity
equation for an incompressible Voigt solid can be writ-
ten as:
v. U* = 0. (3)
In terms of cylindrical coordinates (r, z, 0), a general
solution for Eqs. 1 and 3 is given by Happel and Brenner
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( 1965). In the case of axisymmetry as assumed here (no
dependence on 0), the solution can be represented by:
U d ,6P* I
r + r
r Or
U* d{* + r211* + 01*
Oz OrOz Oz
P*=-2 * d(4211*21* (Z2 (4)
where U* and U* are, respectively, the complex-valued
displacement components of the cell interior in radial
and axial directions, and 41* and II* are arbitrary com-
plex-valued harmonic functions. For convenience of the
analytical approach, it is further assumed that two ends
ofthe cylinder remain flat, i.e., aU*I/0r = 0 at z = 0, L. In
other words, the cell interior is considered to be bounded
by two circular rigid plates at the ends that can deform
freely in their planes, and a cylindrical membrane on the
lateral surface. Thus we take:
= E B* IO (f3r) cos (f3nz)
n=1
rI* C*[r -2( L)2] + * I( r) COS Z), (5)
in which IO is the 0th order modified Bessel function in
first kind; B*, CO, and C* are arbitrary constants that
must be determined, and f3n = nr/L, n = 1, 2....
For the exterior layer, membrane theory is applied to
the lateral surface of the cylinder by neglecting bending
energy and changes in membrane thickness. It is as-
sumed that the membrane surface area is conserved lo-
cally, which implies the existence ofthe isotropic tension
To (a complex-valued stress resultant, in dyn/ cm). Let
u* and u* be the complex-valued membrane displace-
ment components defined in the cylindrical coordinates
(r, z, 0) at r = a, and T*' and Tz* be the complex-valued
membrane tensions in the circumferential and axial di-
rections due to the elastic shear on the surface. Then the
constitutive equations of the membrane can be written
as:
T* = T* + 2Lm r
a
T* = To* + 2Amu Z (6)
where ,m is the membrane elastic shear modulus (in
dyn/cm). The equations of membrane equilibrium are
given by:
T*0
a
t Ir-=a PfdT*~ ~ P
aT' + °
~~~~~~(7
a*eT and a* Ira are the complex-valued loads applied by
the interior viscoelastic material in radial and axial direc-
tions, respectively, which can be obtained from the con-
stitutive relations and evaluated at the surface r = a:
=u*r
a*u-P +21
( dz dr) (8)
The displacement components are continuous on the
lateral boundary at r = a; i.e., u*(z) = U*(a, z) and
u*(z) = U*(a, z).
The complex-valued loads on the membrane surface
due to the suspending fluid, pf* and *, are also included
in the membrane equations (Eq. 7). We estimated these
loads using hydrodynamic lubrication theory. We first
determined the cylinder deformations based on fluid
loading in a gap of constant thickness, ho = Ro- a. The
resulting deformations are then used to determine a vari-
able gap h = h(z) and the resulting hydrodynamic resis-
tance. The complex-valued fluid shear stress T* acting on
the lateral surface ofthe undeformed cell is given approx-
imately by:
(9)
where
V* = Vm + Voei2wft. (10)
Here Vm is the given temporal average of the spatial
mean flow velocity upstream of the cell, VO is the given
oscillation amplitude, f is the frequency, and t is time.
Eq. 9 requires some further explanation because of its
approximate nature. As written, it represents the fluid
shear stress produced on a flat surface translating axially
with velocity Vm at a distance ho from a stationary sur-
face. This is a good approximation since: (a) the Wo-
mersley parameter, hO(27rfp/,up) 1/2 << 1 (p is the plasma
density); and (b) the dimensionless gap ho/a is small.
This latter condition (b) allows us to neglect the effect of
wall curvature and also implies that the cell translates
with axial velocity Vm[1 + O(ho/a)] (Tozeren and Ska-
lak, 1978). The pressure distribution in the gap, pf*(z),
can be determined as follows. The pressure drop across
the cell can be determined by requiring that the net force
due to the pressure drop acting on the ends of the cylin-
der must balance the net force due to the fluid shear
acting on the lateral side of the cylinder; i.e.,
7ra2Ap = 27raLT*. (11)
Since this pressure drop occurs over the length L of the
cell, and the pressure must be a decreasing linear func-
tion of z when the gap is constant, we have
p*(z) = 2(L/a)T*(L - z). (12)
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The unknown constants C* can be related to the B* by
requiring that the lateral surface maintains locally con-
stant area during deformation; i.e.,
z_ + Ur*0 (13)
oz a
on r = a. The constants C* and B* can then be deter-
mined by expanding the loads in a Fourier series over the
interval 0 < z < L, and using Eqs. 4-8 together with the
conditions of continuity of displacements and tractions
at the interface of the interior viscoelastic cylinder and
the exterior cylindrical membrane at r = a. The physical
cell deformation can be obtained by taking the real part
of the complex-valued solution if the spatial mean flow
velocity upstream ofthe cell (cf. Eq. 10) is assumed to be
Vm = Vm + Vo cos (2rft).
CELL DEFORMATION AND HYDRODYNAMIC
RESISTANCE INDICES
The deformed cylinder has a shape that can be approxi-
mated by a frustum of a cone that is narrowest at the
trailing edge, as shown in Fig. 2 b. The half-deflection of
the trailing edge, denoted by d, serves as a deformation
index. This shape reflects the effects of the hydrody-
namic loading conditions in the gap. The negative radial
deformation is greatest at the trailing edge where the gap
pressure is greatest (cf. Eq. 12). The mean gap pressure,
p* = (Lla) T*, which determines the constant CO, has
the effect of uniformly compressing and elongating the
cylinder, while the gap pressure gradient slants the lateral
surface. The uniform compression mode, while main-
taining constant cell volume, requires fine-scale wrin-
kling of the membrane in order to maintain constant
membrane surface area. For this mode only, membrane
wrinkling requires that Eq. 13 be replaced with the con-
dition of vanishing isotropic tension To.
The relative resistance ratio, Rr, is the ratio ofthe pres-
sure drop across the deformable cell, ApdCf, to that ofthe
rigid cell, AprZg. The later is given by Eqs. 9 and 11. To
calculate the former we can use lubrication theory with a
variable gap h = h(z) (Batchelor, 1967). We introduce a
new variable, x, defined by r = Ro - h(z) + x, which
measures the radial distance from the cell lateral surface
(x = 0) to the tube wall (x = h(z)). The essential approx-
imation of lubrication theory is that axial velocity pro-
file, V,(x, z), is a quadratic function ofx; i.e.,
1 dpf
V, ~ - +--[x(x-I). (4((= I h ) 2ip dz )] (1)
The coefficients ofx have been chosen such that V. van-
ishes on x = h (no-slip condition) and V. = UO, the
unknown cell velocity, on x = 0. In addition to Eq. 14,
two conservation laws are required to determine Apdef.
The first is conservation of volume flux. Consider two
planes spanning the vessel and perpendicular to its axis,
one upstream of the cylinder and the other cutting
through it. The volume flux crossing these planes must
be identical since both the fluid and the cell are incom-
pressible. Therefore,
7rR'Vm = 7r(Ro-h)UO
+27r (Ro-h+x)Vz(x,z)dx, (15)
where Vm = Vm + VO (cf. Eq. 10). Substitution ofEq. 14
into Eq. 15 and performing the integration yields:
dpf 12ip[Uo(R -Roh + h2/3)]-RgVm]
dz hz3(2R h)
Taking h(z) = ho + 2d( 1 - z/L), which approximates
the variable gap shape with the deformed cell, and inte-
grating Eq. 16 over 0 < z < L yields an expression for the
pressure drop, Z\Pdef, across the deformed cell. However,
since that expression involves the unknown cell velocity,
UO, we need to invoke another conservation law. Con-
sider the control volume bounded by the deformed cell
surface, the tube wall, and two planes perpendicular to
the tube axis, one just upstream ofthe cell and the other
just downstream. Tozeren and Skalak (1978) pointed
out that because of the zero drag condition the cell con-
tributes zero net axial force on the control volume.
Therefore the axial force from the pressure drop across
the cell is exactly balanced by the integral of the fluid
shear stress acting on the tube wall; i.e.,
wR^Apd,f = -27rRoup V(h, z) dz. (17)
Substitution of Eqs. 14 and 16 into Eq. 17 and perform-
ing the integration yields another equation for Apdef in-
volving the unknown particle velocity UO. These two
equations constitute a linear algebraic system for the de-
termination of APdCf and UO.
COMPUTED RESULTS
Hb S rheology
An alternative way to present the experimental data pub-
lished by Chien et al. ( 1982) is shown in Fig. 3, a and b,
where it is plotted in terms ofthe elastic (Es) and viscous
(,g,) components of the complex shear modulus (cf. Eq.
2) as a function of oxygen saturation. Both elastic and
viscous components in the Hb S solution increase when
the oxygen saturation decreases. The rheological proper-
ties of the Hb S solution during oxygenation or deoxy-
genation can be seen through the change ofa phase angle
,B that is calculated from the complex shear modulus
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Fig. 4 a shows the computed normalized trailing edge
half-displacement d/ho as the function of polymer frac-
tion for various values of the cell membrane elasticity
Am. This index is evaluated at the time during the cycle
when d is maximal. It can be seen that the cell becomes
less deformable when polymer fraction rises above 0.4-
0.45 (jum = 0.01 dyn/cm is the expected value for the
normal erythrocyte; Evans and Hochmuth, 1976). In-
creasing the membrane elastic modulus (,gm), as may be
expected to occur in sickle erythrocytes (Nash et al.,
1986), decreases the cell deformability within the physio-
logical range of oxygen saturation. However, membrane
elasticity will have less effect for a very high polymer
fraction (the curve with open circles will meet the other
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FIGURE 3 (a and b) An alternative representation ofthe data shown in
Fig. 1, b and c; Es and g, are the elastic and viscous components,
respectively. (c) The phase angle ((,) calculated from the complex shear
modulus. f is the oscillation frequency.
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0.7
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(Fig. 3 c). This phase angle is a function of both the
oxygen saturation and the oscillation frequency. Fig. 3
illustrates that despite qualitatively similar changes in Es
and ,At, the Hb S solution behaves in a more fluid-like
manner when it is oxygenated (so called "out-of-phase"
behavior, when the phase angle of the complex shear
modulus approaches 900), whereas it behaves in a more
solid-like manner when it is deoxygenated (so called "in-
phase" behavior, when ,B approaches 00), as expected of
the Hb S polymer.
POLYMER FRACIION
FIGURE 4 (a) The calculated normalized tip halfdisplacement (d/ho)
of a cell as a function of polymer fraction. (b) The calculated ratio of
the flow resistance (Rr) of deformable cells to that of rigid cells at
different polymer fraction. The results in a and b are computed with
selected membrane elastic shear modulus (AIm): ,U = 0.01, 0.02, and
0.05 dyn/cm; cell radius a = 3.5 ,; cell length L = 2.4 ,um; gap ho = 0.4
,um; mean velocity V., = 0.1 cm/s; velocity oscillatory amplitude =
0.01 cm/s; oscillatory frequency f= 0.015 Hz; plasma viscosity gAp =
0.0 12 poise; hemoglobin concentration Ct = 32 g/dl.
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two at a high polymer fraction level, where changinggum
does not change dIho significantly). This shows that the
rheological influence from the interior Hb S solution will
exceed that from the membrane and therefore dominate
the overall cell deformability at high polymer fraction
levels. Due to the only available data shown in Fig. 1, b
and c, the graph does not go beyond the point ofpolymer
fraction > 0.52 (i.e., when 02 saturation is <30%).
Hydrodynamic resistance
The resistance index, Rr, calculated at the time when d is
maximal, is plotted in Fig. 4 b as a function of polymer
fraction for various values of the cell membrane elastic-
ity ,Um. Rr increases when the membrane elastic modulus
or polymer fraction increases. The critical change hap-
pens at a polymer fraction level of 0.4-0.45. It can also
be seen that the critical level of polymer fraction in-
creases slightly when membrane elasticity Mm increases.
However, when polymer fraction is >0.52, the cell mem-
brane starts to lose its mechanical importance and the
Hb S solution controls the hydrodynamic resistance.
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A simple model of the influence of the internal Hb S
solution and the properties of the membrane as a func-
tion of oxygen saturation on the deformability and thus
the hydrodynamic resistance of sickle erythrocytes in
narrow vessels is presented. The model uses previously
published experimental data to explain how the amount
of polymer inside a sickle cell might affect the total cell
rheological behavior through an approximate theory and
the use of one set of relevant data.
The model indicates that cells become less and less
deformable when the amount of polymer inside a sickle
cell rises above 0.4-0.45 in volume fraction (or when
oxygen saturation drops below 40-50% [Fig. 1 a]), ifthe
membrane rigidity has a value representative of a nor-
mal cell (,um = 0.01 dyn/cm). The flow resistance of the
cells increases significantly when oxygen saturation de-
creases to this critical level. Change of membrane rigid-
ity can also affect the intrinsic cell deformability and
flow resistance (e.g., increasing Am from 0.01 dyn/cm to
larger values, as shown in Fig. 4 a) as well as the shape of
the curves in Fig. 4, a and b. Cell membrane elasticity
certainly becomes the major determinant of overall cell
deformability when the Hb S solution is fully oxygen-
ated. Fig. 4 a suggests that the rheological importance of
the internal Hb S can exceed that from the membrane
when the polymer fraction is >0.52 (where all curves
intersect independent of the value of MAm). This conclu-
sion was also reached by Chien et al. ( 1982) by compar-
ing viscosity data from Hb S solutions and sickle cell
suspensions at varying 02 saturations. (Their suggestion
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FIGURE 5 (a) Gap thickness effect on the flow resistance index (Rr).
Same parameter values as in Fig. 4 except ho = 0.2 Acm. (b) Oscillatory
velocity amplitude (VO) effect on the flow resistance index (Rr). Same
parameter values as in Fig. 4. (c) Oscillatory frequency parameter (f )
effect on the flow resistance index (Rr). Same parameter values as in
Fig. 4.
that a theoretical analysis based on their data would be
beneficial in further elucidating the relative roles of the
cell membrane and internal hemoglobin to cell deforma-
bility in the microcirculation was a primary impetus for
the present study.) The effects ofchanging the gap thick-
ness and the amplitude of the flow oscillation on the
resistance index are shown separately in Fig. 5, a and b.
Decreasing the gap and increasing the flow oscillation
amplitude both have the effect of decreasing the resis-
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tance index without changing the critical value of poly-
mer fraction.
Several factors can contribute to altering the critical
value of polymer fraction. First, the sensitivity of cell
deformation and hydrodynamic resistance indices to
scatter in the data of Chien et al. ( 1982) can be investi-
gated by constructing smooth curves that bound the data
sets of Fig. 1, b and c. We have recalculated the curves
for Fig. 3, a and b for data that (a) lie inside the band, (b)
bound the data on the right, and (c) bound the data on
the left, for the case q, = 0.01 dyn/cm. These plots (not
shown) could cause a left-shift of the critical value of
polymer fraction to values as low as -0.33 from 0.52.
Second, increasing the oscillatory frequency parameter
tends to shift the resistance index to the left as seen in
Fig. 5 c. Third, a membrane rigidity dependence on oxy-
gen saturation can significantly alter the shape of the
resistance vs. polymer fraction curves. With the mem-
brane rigidity depending on oxygen saturation as shown
in Fig. 6 a, which is suggested by the effective membrane
rigidity data of Nash et al. ( 1986), the resistance index
predicted by the model in Fig. 6 b shows a much greater
sensitivity to oxygen saturation than cells having a con-
stant membrane rigidity. In fact, the concept of a critical
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FIGURE 6 (a) Assumed dependence of membrane rigidity on oxygen
saturation. (b) Effect of oxygen-dependent membrane rigidity on the
flow resistance index (Rr). Otherwise, the same parameter values as in
Fig. 4.
polymer fraction no longer applies. In other words, small
amounts of polymer in this case can significantly affect
whole cell deformability. The mechanism of membrane
rigidity dependence on oxygen saturation is still unclear.
A membrane-hemoglobin interaction is one possibility,
as is the effect of ATP depletion even in normal cells
(LaCelle, 1970). Such results would be consistent with
the data ofGreen et al. ( 1988), which showed great sensi-
tivity of sickle cell filtration to decreased oxygen satura-
tion. The existence of a significant fraction ofdense cells
would also have this effect.
While this study is satisfying from the standpoint of
using viscometry data in a relatively simple theoretical
model to predict cell deformation and flow resistance in
the microcirculation, many questions remain that sug-
gest the need for both further experiments and a more
sophisticated model. The viscometry data are incom-
plete with regards to the influence ofboth frequency and
mean intracellular hemoglobin concentration. Values at
the frequency close to that in the blood circulation (- 1
Hz) will be important for better estimation ofphysiologi-
cal properties. Although the present calculation is based
on the low frequency data provided in Fig. 1, b and c, it
still differs from the results obtained from a steady shear.
Oscillations or other kinds of unsteady shear applied ex-
perimentally to the cell body are needed to assess both
viscous and elastic components ofinterior Hb S gelation.
In addition to the need for further experiments, the
model itself could be extended in several ways. It is
known that the normal red blood cell membrane has a
viscous behavior (Evans and Hochmuth, 1976), which
implies a complex membrane shear modulus. The pres-
ent analysis neglects this effect, and assumes that the
viscous behavior is dominated by the cell interior.
Clearly this is an important point that requires further
study. Also, the computed cone shape is different from
the classic parachute shape ofdeformed red blood cell in
capillaries (Skalak, 1969; Secomb et al., 1986). The dif-
ference is due to the simplification that the deformed
cylinder maintains flat ends, which enabled us to obtain
an analytical solution with the viscoelastic interior. Also,
the present model requires a reference hydrodynamic
gap thickness to be specified, with the implication that
the vessel diameter must be larger than the reference di-
ameter of the cell.
The computed results illustrate the striking depen-
dence of sickle cell deformability on the internal elastic-
ity and viscosity ofthe intracellular Hb S solution during
polymerization (as well as the membrane elasticity at
high 02 saturation) in our model, and predict the rela-
tive roles of the cell membrane and internal fluid to the
overall rheology ofthe cell as a function ofoxygen satura-
tion. We hope that the model will provide a framework
for analyzing the components of sickle cell rheology as
data with other techniques and at other physiological
variables become available.
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